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Abstract
Quantum mechanical models with a minimal length are often described by modifying the commutation
relation between position and momentum. Although this represents a small complication when described in
momentum space, at least formally, the (quasi-)position representation acquires numerous issues, source of
misunderstandings. In this work, we review these issues, clarifying some of the aspects of minimal length
models, with particular reference to the representation of the position operator.
1 Introduction
In phenomenological approaches to quantum gravity, it is often expected that a minimal measurable length has a
fundamental role at high energies [1, 2]. This expectation is motivated by various approaches to quantum gravity
[3–7] and led to the development of the Generalized Uncertainty Principle (GUP), a modification of the uncertainty
principle of Quantum Mechanics (QM) with the inclusion of a minimal length. Such description of a minimal length
has been elaborated in various form: as a modification of the uncertainty relation without the requirement of a
particular representation for the corresponding quantum operators [7–9]; through a modification of the Poisson
brackets in classical mechanics [10–12]; and as a modification of the position-momentum commutation relation
[13–16]. In this work, we will focus on this last approach. In particular, we will consider the case of a generic
commutation relation in one dimension of the form
rqˆ, pˆs “ i~fppˆq. (1)
Using [14] as guideline, we will then elaborate on this model, obtaining constraints on the function f and studying
the various aspects implied by it.
This paper is structured as follows: In Section 2, we consider the case of a generic commutation relation between
position and momentum, obtaining the maximally localized states, developing the corresponding integral transform,
and studying the representation of position and momentum operators in quasi-position space. In Section 3, we will
specialize the results to the case f be a second degree polynomial in its argument. This case is relevant since much
of the literature is on this particular model with a specific choice of the parameters introduced below. Finally, we
conclude in Section 4 by clarifying some aspects derived from our analysis.
2 Generalization to arbitrary commutation relations
In this section, we are going to follow the same arguments developed in [14] but applied to an arbitrary commutation
relation Eq.(1), as long as the function fppq is sufficiently well-behaved. Here, as well as in what follows, we will
use the symbols Aˆ and A for the operator and the c-number associated with the quantity A, respectively. One first
aspect to notice is that, since the commutator of two observables is anti-Hermitian, the function f , when regarded
as a function of a real variable, has real values.
Let us start with the momentum representation of the position and momentum operators compatible with the
commutator in Eq.(1),
qˆ “i~fppq d
dp
, pˆ “p. (2)
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It is worth noticing that different representations for these two operators compatible with Eq.(1) may be allowed [17].
However, in what follows, we will adhere to the ideas introduced in [14]. Thus, a maximally localized state, if it
exists, is a solution of the following differential equation
d
dp
ψxqyppq “ ´
1
fppq
"
i
~
xqy ` xfppqypp´ xpyq
2p∆pq2
*
ψxqyppq, (3)
where the subscript xqy indicates that the wave function ψxqyppq corresponds to a particular value of the position
expectation value, considered as a parameter, and where the expectation values are computed with respect to ψxqyppq.
In what follows, it is convenient introducing the auxiliary momentum p0 defined as the momentum conjugate to qˆ.
Since with respect to this new variable, the position operator is qˆ “ i~ d
dp0
, it is easy to see that p0 is related to the
physical momentum through
dp
dp0
“ fppq or p0 “ p0ppq “
ż
dp
fppq . (4)
A similar relation has been obtained in [18]. Notice that in principle p0 acquires values on a subset of R. In
particular, we will consider the case in which the function p0 “ p0ppq : RÑ pa, bq Ă R is invertible in the same set
pa, bq. Furthermore, imposing that p0 » p for small values of |p| requires a ă 0 ă b. For p0ppq to be invertible, this
function has to be monotonic, thus fppq cannot change sign. Therefore, it cannot be an odd function. Furthermore,
since in standard QM fppq “ 1, the function fppq has to be always positive so to have the correct limit for low
momenta. This feature has also the characteristics of not allowing a simultaneous measurement of position and
momentum with infinite precision. On the contrary, it is interesting to notice that, in case fppq were zero for some
values of p, for the same values of the momentum the uncertainty product would be allowed to vanish.
We then see that, although it is necessary to impose a particular measure in momentum space so that the
position operator is symmetric when represented in terms of the variable p, when momentum space is expressed in
terms of p0 the measure is the usual one. Moreover, it is worth mentioning that in general ´a ‰ b when imposing
p0p0q “ 0. The equality is fulfilled only when fppq is an even function. Below, we will in fact see an example of a
non-even function fppq leading to a non symmetric interval pa, bq with respect to the value 0.
As for Eq.(3), we can write its solutions in the form
ψxqyppq “ χppq exp
„
´i xqy p0ppq
~

, (5)
where χppq is a function that depends only on p. In fact, in this way Eq.(3) reduces to
d
dp
χppq “ ´xfppqypp´ xpyq
2fppqp∆pq2 χppq. (6)
Symbolically, the solution for this equation is
χppq “ exp
„
´ xfppqy
2p∆pq2
ˆż
dp
p´ xpy
fppq
˙
, (7)
or, in terms of the quantity p0,
χpp0q “ exp
„
´ xfppqy
2p∆pq2
ˆż
dp0ppp0q ´ xpyp0
˙
, (8)
It is worth noticing that in the case of standard QM, one obtains the usual Gaussian function. Furthermore, notice
that χppq P R. In cases of QM with a minimal length, the maximally localized states are obtained when the values
of the various parameters, namely xpy, ∆p, xfppqy, are such that the uncertainty in position is the smallest possible
compatibly with the uncertainty relation derived from Eq.(1). In what follows, we will thus assume that such
condition has been fulfilled and, therefore, that the parameters above have given values.
Following [14], it is possible to use the complex conjugate version of the function thus found as kernel for an
integral transform. The corresponding new space is what has been called “quasi-position space” of variable ξ ” xqy.
That is, it is possible to introduce the following two transformations
T
´1rφspξq “ 1?
2π~
ż 8
´8
dp
fppqψ
‹pp, ξqφppq, (9a)
T rφsppq “ 1?
2π~
ż 8
´8
dξ rψ‹pp, ξqs´1 φpξq, (9b)
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where ψpp, ξq “ ψξppq is regarded as a function of both p and ξ. We used the symbols T and T ´1 because they
are in fact one the inverse of the other, since
T
´1 rT rφss pξ1q “ 1
2π~
ż 8
´8
dp
fppqψ
‹
ξ pp, ξq
ż 8
´8
dξ
“
ψ‹ξ pp1, ξq
‰´1
φpξq “ 1
2π~
ż 8
´8
dξ
ż b
a
dp0 exp
„
´i pξ ´ ξ
1qp0
~

φpξq
“ i
2π
ż 8
´8
dξ
1
ξ ´ ξ1
"
exp
„
´i pξ ´ ξ
1qb
~

´ exp
„
´i pξ ´ ξ
1qa
~
*
φpξq “ φpξ1q. (10)
Furthermore, it is easy to find the following relations concerning the convolution and cross-correlation of two
functions, respectively,
T rφ1sppq T rφ2sppq “ 1?
2π~χppqT
„ż 8
´8
dξφ1pξqφ2pΞ´ ξq

ppq “ 1?
2π~χppqT rφ1 ˚ φ2sppq, (11)
T rφ1s‹ppq T rφ2sppq “ 1?
2π~χppqT
„ż 8
´8
dξφ‹1pξqφ2pΞ` ξq

ppq “ 1?
2π~χppqT rφ1 ‹ φ2s ppq. (12)
There relation are similar to those obtained for the Fourier transform. However, in the present case, these relations
hold only for the transform T and not for the anti-transform T ´1.
Using the integral transform defined above, it is possible to find the generic momentum eigenfunction in quasi-
position space, i.e.
φp˜pξq “ T ´1rδpp˜´ pqspξq “ 1?
2π~
χpp˜q
fpp˜q exp
„
i
ξ p0pp˜q
~

, (13)
Notice that it is a plane wave of wavenumber k “ p0{~. In this sense, de Broglie relation is modified in models with
modified uncertainty relations. In a different sense, one can use this relation to define the auxiliary momentum p0.
Furthermore, this is clearly the wave function of a free particle. In fact, since the Hamiltonian of a free particle is
just proportional to pˆ2, the Hamiltonian and momentum operators share the same set of eigenfunctions. Specifically,
any value of the energy will correspond to a pair of solutions for the free particle Schro¨dinger equation, each of
which of the form in Eq.(13) and opposite eigenvalues p˜, simply representing left- and right-moving waves. However,
it is worth observing that, when fppq is not an even function, and thus when p0ppq is not an odd function, the two
solutions do not have opposite values of p0pp˜q and therefore they will not have opposite wavenumbers.
Using again the transform in Eq.(9a), the representation of the position operator in the new space is
qˆ “ ξ ` i~ xfppqy
2p∆pq2 ppˆ´ xpyq. (14)
As for the momentum operator, Eq.(5) is enough to say that the quasi-position representation of the momentum
operator is pˆ “ pppˆ0q, with ppp0q the inverse function of p0ppq and
pˆ0 “ ´i~ d
dξ
. (15)
One can then easily see that this is consistent with the commutation relation we started with since
rqˆ, pˆs “ i~ dpˆ
dpˆ0
“ i~fppˆq. (16)
Notice that, in all generality, given an integral transform whose kernel is a function of minimal uncertainty product
according to Eq.(3), thus not necessarily a maximally localized state, the momentum operator in the corresponding
new space is represented by
pˆ “ p
ˆ
´i~ d
dξ
˙
, (17)
with ppp0q the inverse function of p0ppq found in Eq.(4). We highlight the fact that this is always valid as long as
the kernel of the integral transform has minimal uncertainty product.
To conclude this analysis, it is worth paying attention to the second term on the right hand side of Eq.(14).
First, we notice that it does not contribute to the commutation relation since it is a linear function of the operator
pˆ alone. In fact, all the other terms are constant depending on the particular minimal uncertainty state chosen
as kernel for the integral transforms Eqs.(9). Second, we notice that it poses an apparent problem because of the
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factor i~. In fact, it may seem that the position operator is no longer Hermitian. However, as argued in [14], since
the functions ψxqyppq for different choices of xqy are in principle not orthogonal, the scalar product of two functions
in quasi-position space has to be taken necessarily after having transformed the two functions to momentum space.
That is, given two functions φ1pξq and φ2pξq, their scalar product is
xφ1|φ2y “
ż 8
´8
dp
fppqT rφ1s
‹ppqT rφ2sppq “ 1?
2π~
ż 8
´8
dp
fppqχppqT rφ1 ‹ φ2s ppq. (18)
Clearly, since the scalar product does not depend on the particular representation, the operator qˆ has to be symmetric
in both representations, despite the presence of the imaginary unit in Eq.(14). In other words, the presence of the
imaginary unit and of an imaginary constant in the position operator, namely the term i~xfppqyxpy{2p∆pq2, is a
by-product of the fact that states are represented with respect to an overcomplete set of functions. This makes
the variable ξ hardly interpretable as a position coordinate. Furthermore, it is worth noticing that a hypothetical
operator ξˆ acting in quasi-position space by multiplying by ξ is not Hermitian. In fact, using the transformation in
Eq.(9b) or simply inspecting Eq.(14) above, we have in momentum space
ξˆ “ qˆ ´ i~ xfppqy
2p∆pq2 ppˆ´ xpyq, (19)
which is evidently non-Hermitian.
Another argument to show that an operator acting by multiplying a wave function by the quasi-position coordi-
nate ξ is not physical, and in particular that it does not represent a position coordinate, is the following. First, let us
noticing that the factor xfppqy is the expectation value of the function of operator fppˆq on the minimal uncertainty
states. Even assuming that the expectation values of powers of momentum with respect such states are small with
respect to the corresponding power of a characteristic momentum, e.g. the Planck momentum Mplc, we will still
obtain a non-vanishing factor. Thus, in this “low-momentum” limit, in which xfppˆqy Ñ 1, the position operator
would be written as
qˆ “ ξ ` i~
2p∆pq2 ppˆ´ xpyq. (20)
This is in fact what one would obtain defining an integral transform from momentum to quasi-position spaces using
minimal uncertainty states of standard QM, represented in momentum space by
ψξppq9 exp
„
´pp´ xpyq
2
p2∆pq2

exp
„
´i ξp
~

, (21)
as kernel function. Since the variable ξ defined through such transform cannot be considered as the position
coordinate of standard QM, it cannot be considered a position coordinate in any other model. Although this
inconvenience is explained in QM as a poor choice of the transform, in models with a minimal length it is a
fundamental issue, although consistent with the problem of introducing a minimal uncertainty in position. In fact,
since in this case a proper position-space description is not possible due to the lack of position eigenstates, we are
forced to resort to maximally localized states and the corresponding quasi-position space with the consequent issues
involving the position operator.
3 Second degree commutation relation
In what follows, as a particular example, we will consider the following generalized commutation relation for a
one-dimensional system
rqˆ, pˆs “ i~ “1´ 2δpˆ` pδ2 ` ǫqpˆ2‰ , (22)
with
δ “ δ0
MPlc
, ǫ “ ǫ0pMPlcq2 , (23)
and MPl and c being the Planck mass and the speed of light in vacuum, respectively. Here, δ0 and ǫ0 are two
dimensionless parameters of order 1 that determine the particular GUP model, (e.g., the model in [14] is given by
δ0 “ 0 and ǫ0 “ 1, while the model in [15] is given by δ0 “ 1{2, ǫ0 “ 7{4). As we will see, they are related to
the expectation value and uncertainty squared of momentum for a state of minimal uncertainty in position. This
model is consistent with the discussion above @δ0 P R and ǫ0 ą 0. Furthermore, it represents the most general
4
one-dimensional case up to second order in the inverse Planck momentum. Therefore, any result obtained for a
generic function fppˆq in the previous section, when expanded in series up to second order in the inverse Planck
momentum, has to agree with what we are going to show.
As for the auxiliary momentum, we then have
p0ppq “ 1?
ǫ
arctan
„´δ ` pδ2 ` ǫqp?
ǫ

` 1?
ǫ
arctan
ˆ
δ?
ǫ
˙
, (24)
where the arbitrary constant in the definition of p0 has been chosen so that p0p0q “ 0. The function p0ppq has
values in the interval
p0ppq P

1?
ǫ
arctan
ˆ
δ?
ǫ
˙
´ π
2
?
ǫ
,
1?
ǫ
arctan
ˆ
δ?
ǫ
˙
` π
2
?
ǫ
„
. (25)
It is worth noticing that the arbitrary constant is proportional to the Planck momentum and that it vanishes in
models with δ0 “ 0. Furthermore, the same constant represents the centre of the interval of values of p0. Thus, the
parameter δ0 shifts the centre, and therefore the entire interval, with respect to the value p0 “ 0. This is simply
an effect of the anisotropy of this model characterized by the linear term in Eq.(22). In fact, as pointed out in the
previous section, any non-even function fppˆq will lead to such feature.
Compatibly with the results in [19] and of the previous section, we define the position and momentum operators
in momentum space as
qˆ “i~ “1´ 2δp` pδ2 ` ǫqp2‰ d
dp
, pˆ “p . (26)
We see, in fact, that the operators in Eq.(26) fulfill the commutation relation in Eq.(22), corresponding to the
following uncertainty relation
∆q∆p ě ~
2
 
1´ 2δxpy ` pδ2 ` ǫqrp∆pq2 ` xpy2s( . (27)
The minimal position uncertainty compatible with this model, ∆qmin “ ~
?
ǫ, is obtained for a state such that
xpy “ δ
δ2 ` ǫ , ∆p “
?
ǫ
δ2 ` ǫ , xp
2y “p∆pq2 ` xpy2 “ 1
δ2 ` ǫ . (28)
It is interesting to observe that, differently from the results in [14], the minimal uncertainty in position is obtained
for a non-vanishing expectation value of momentum when a linear term is present in Eq.(22). Furthermore, it only
depends on the parameters of the model considered here and is of the order of the Planck momentum.
With these values for the expectation values and uncertainties, the solution of Eq.(3) is
ψxqy “ χppq exp
„
´i xqy p0ppq
~

, with χppq “ 1a
1´ 2δp` pδ2 ` ǫqp2 . (29)
This wave function represents a state of minimal uncertainty in position whose position expectation value is xqy.
On the other hand, treating the quantity ξ ” xqy as a variable, we can use this function as a kernel for an integral
transform compatible with GUP from the momentum space to the space of functions of the variable ξ. In fact, let
us define two transforms, i.e., one from p-space to ξ-space, and another from ξ-space to p-space
T rφs ppq “ 1?
2π~
ż 8
´8
dξ
a
1´ 2δp` pδ2 ` ǫqp2 exp
ˆ
´i ξp0ppq
~
˙
φpξq, (30a)
T
´1 rφs pqq “ 1?
2π~
ż 8
´8
dp
r1´ 2δp` pδ2 ` ǫqp2s3{2 exp
ˆ
i
ξp0ppq
~
˙
φppq. (30b)
These two transform correspond to those in Eq.(9). Thus, we have
T
´1 rT rφss pξq “ φpξq. (31)
Furthermore, they produce the following function for a free particle
ψp˜pξq “ T ´1rδpp˜´ pqspξq “ 1?
2π~
1
r1´ 2δp˜` pδ2 ` ǫqp˜2s3{2 exp
„
i
ξ p0pp˜q
~

. (32)
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In quasi-position representation, and with the values in Eq.(28), we have
qˆ “ξ ` i~ “pδ2 ` ǫqpˆ´ δ‰ , pˆ “
?
ǫ tan
”?
ǫpˆ0 ´ arctan
´
δ?
ǫ
¯ı
` δ
δ2 ` ǫ , pˆ0 “´ i~
d
dξ
. (33)
Finally, it is easy to see that both position and momentum operators have the correct limit for 1{MPlc Ñ 0.
Furthermore, they reproduce what found in [14] for δ0 “ 0 and ǫ0 “ 1. Moreover, up to second order in 1{MPlc,
the momentum operator has the following form, used e.g. in [15]
pˆ “ pˆ0
”
1´ δpˆ0 `
´
δ2 ` ǫ
3
¯
pˆ20
ı
. (34)
However, notice that, up to the same order in the inverse Planck momentum, the position operator in quasi-position
space is
qˆ “ ξ ` i~rpδ2 ` ǫqpˆ0 ´ δs. (35)
This expression shows the difficulties rising in the use of quasi-position representation with GUP pointed out
at the end of the previous section, even at an approximate level. In fact, one is usually tempted to modify the
representation of the momentum operator using expressions similar to Eq.(34), while retaining the position operator
as a multiplicative one or modifying it using expressions like
qˆ “ x r1` Pppˆ0qs , (36)
where x is a real variable and P is a polynomial of given degree and zero constant term. If the coefficients of the
polynomial P are real, the operator qˆ will necessarily be different from the one obtained above. Furthermore, based
on the discussion of the previous section, the quantity x is not associated with the position coordinate.
4 Conclusions
In this paper, we have analyzed a generic modification of QM presenting a minimal length as derived by the
commutation relation Eq.(1). Furthermore, we specialized the results for a particular function fppˆq consisting in a
second degree polynomial. In both cases, we focused on the properties of the function fppˆq defining the modification,
on the construction of maximally localized states compatible with the models, and the integral transforms to the
corresponding quasi-position space. In particular, we found the representation of the position and momentum
operators in this new space. We finally analyzed the auxiliary quantity p0 corresponding to the conjugate momentum
to the position q. We found that the momenta p and p0 have effectively equivalent roles in describing momentum.
As for the model in Eq.(22), although following the analysis in [14], the presence of a linear term in pˆ in Eq.(22)
produces notable effects, absent in [14]. One interesting formal aspect, shared with the model in [14], is that the
quantity p0 acquires values on a limited interval. However, by imposing the condition p0 » p for small values of p,
the same interval is not symmetric about 0. This is an effect of the anisotropic character of this particular model.
We concluded the analysis of this model by showing approximated relations concerning the position and momentum
operators.
This analysis serves to shed some light on common misconceptions present in the literature regarding models
of QM with a minimal length. In particular, it is clear that, as already shown in [14], a position representation as
that of QM is not possible and the best one can do is resorting to the momentum and quasi-position representation.
Furthermore, the scalar product of two functions in quasi-position representation is not given by the usual relation
of standard QM, but involves the transform of the cross-correlation of the two functions. As we have seen, this
is the result of an invertible integral transform between momentum and quasi-position spaces and the side-effect
of non-orthogonality of maximally localized functions. In fact, the same applies to standard QM when instead of
maximally localized functions one uses minimal uncertainty product functions, i.e. Gaussian functions. Finally,
the position operator in quasi-position space is not a multiplicative operator. Rather, the usual multiplicative
term is accompanied by the momentum operator multiplied by an imaginary quantity and, possibly, by an additive
imaginary constant. In fact, compatibly with the integral transform between momentum and quasi-position spaces,
the multiplicative term is not Hermitian and the momentum operator and the corresponding imaginary coefficient
are necessary to make the position operator Hermitian.
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